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GENERAL NOTES

e See updates to these slides: www.newae.com/teaching

e These slides licensed under ‘Creative Commons Attribution-ShareAlike 3.0
Unported License’

 These slides are not the complete course — they are extended in-class

* You will find the following references useful, see
www.newae.com/teaching for more information/links:

— The book “Bebop to the Boolean Boogie” which is available to Dalhousie Students

— Course notes (covers almost everything we will discuss in class)
— Various websites such as e.g.: www.play-hookey.com

— The book “Contemporary Logic Design”, which was used in previous iterations of the
class and you may have already

09/07/2012 Colin O’Flynn - CC BY-SA  ((c)



http://www.newae.com/teaching
http://creativecommons.org/licenses/by-sa/3.0/
http://creativecommons.org/licenses/by-sa/3.0/
http://www.newae.com/teaching
http://www.play-hookey.com/

BOOLEAN ALGEBRA



No. Identity

Comments

1 A+0=A Operations with 0
and 1

2 A+1=1 Operations with 0
and 1

3 A+A=A Idempotent

4 A+A=1 Complements

5 Ae0=0 Operations with 0
and 1

6 Ael=A Operations with 0
and 1

7 Ae A=A Idempotent

8 AeA=0 Complements

9 A=A

10 A+B=B+A Commutative

11 AeB=Be A Commutative

12 A+(B+C)=(A+B)+C=A+B+C Associative

13 Ae(BeC)=(AeB)eC=AeBeC Associative

14 Ae(B+C)=(AeB)+(AeC) Distributive

15 A+(BeC)=(A+B)e(A+C) Distributive

16 A+(AeB)=A Absorption

17 Ae(A+B)=A Absorption

18 (AeB)+(AeC)+(BeC)=(AeB)+(AeC) Consensus

19 A+B+C+..=AeBeC... De Morgan

20 AeBeCe.=A+B+C.. De Morgan

21 (A+B)eB=AeB Simplification

22 (AeB)+B=A+B Simplification
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OPERATIONS WITH 0 AND 1
A+0=A

A+1=1

As0=0

As1=A
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IDEMPOTENT RULES

A+A=A
AA=A
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COMPLEMENTARY RULES
A+A=1
AeA=0
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INVOLUTION
A=A
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GOMMUTATIVE

A+B=B+A
AeB=Be A
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ASSOCIATIVE RULES

A+ (B+C)=(A+B)+C=A+B+C
Ae(BeC)=(AeB)eC=AeBeC
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DISTRIBUTIVE

Ae(B+C)=(AeB)+(Ae(C)
A+(BeC)=(A+B)e(A+C)
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ORDER OF OPERATIONS
Y=A+B-C
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ABSORPTION

A+(AeB)=A
Ae(A+B)=A
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GONSENSUS
(AeB)+(AeC)+(BeC)=(A*B)+(AeC)
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DEMORGAN

A+B+C+..=AeBeC(C...
AeBeCe..=A+B+C...
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SIMPLIFICATION
(A+B)eB=AeB
(AeB)+B=A+B
A+(AB)=A
As(A+B)=A
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PROOF BY PERFECT INDUCTION
(A+B)eB=AeB

ENENEE:E 5 RN
0 0

=, O O
R O +— O

0 1
1 0
1 1
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DERIVING IDENTITIES

No. Identity Comments

1 A+0=A Operations with 0
A+(AB)=A and 1

2 A+1=1 Operations with 0
and 1

3 A+A=A Idempotent

4 A+A=1 Complements

5 Ae(=0 Operations with 0
and 1

& Aesl=A Operations with 0
and 1

7 As A=A Idempotent

8 AeA=D Complements

9 A=A

10 A+B=B+A Commutative

11 AeB=BeA Commutative

12 A +(B+C)=(A+B+C=A+B+C Associative

13 Ae(BeC)=(AeB)jeC=AeBeC Associative

14 Ae(B+CO)=(AeB)+(AeC) Distributive

15 A+(BeC)=(A+B)e(A+C) Distributive

16 A+(AeB)=A Absorption

17 Ae(A+B)=A Absorption

13 (AeB)+(AeC)+(BeC)=(AeB)+(AeC) Consensus

19 A+B+C+_=AeBeC De Morgan

20 AeBeCe =A+B+C De Morgan

21 (A+B)eB=AeB Simplification

22 (AeB)+B=A+B Simplification
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DERIVING IDENTITIES

No. Identity Comments

1 A+0=A Operations with 0
A+(AB)
2 A+1=1 Operations with 0
and 1
—_— 3 A+A=A Idempotent
- (A+A).(A+ B) [15] 4 A+A=1 Complements
5 Ae(=0 Operations with 0
and 1
:A. (A+ B) [3] 6 Ael=A Operations with 0
and 1
7 As A=A Idempotent
:A.A+A. B [14] 8 AeA=D Complements
9 A=A
10 A+B=B+A Commutative
:A.1+A.B [6] 11 AeB=BeA Commutative
12 A +(B+C)=(A+B+C=A+B+C Associative
13 Ae(BeC)=(AeB)eC=AeBeC Associative
:A.(1+ B) [14] 14 Ae(B+C)=(AeB)HA=C) Distributive
15 A+(BeC)=(A+B)e(A+C) Distributive
16 A+(AeB)=A Absorption
:A.l [2] 17 Ae(A+B)=A Absorption
13 (AeB)+(AeC)+(BeC)=(AeB)+(AeC) Consensus
19 A+B+C+.=AeBeC... De Morgan
:A [6] 20 AeBeCe =A+B+C... De Morgan
21 (A+B)eB=AeB Simplification
22 (AeB)+B=A+B Simplification
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SIMPLIFYING GIRCUITS

W
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SIMPLIFYING GIRCUITS

f =A*B+A+B it
— K+§ + AOE Using 19 & 20 -

DeMorgans
=A+1eB+(AsB) et e
:K+ (1+A) .g Using 14 — note we go from

distributed form to compact form,
S where B term is common

:A+ 10 B Using 2
:K_l_g Using 6

=A<B

Using 20 - DeMorgans
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No. Identity Comments

1 A+0=A Operations with 0
and 1

2 A+1=1 Operations with 0
and 1

3 A+A=A Idempotent

4 A+A=1 Complements

5 Ae(=0 Operations with 0
and 1

& Aesl=A Operations with 0
and 1

7 As A=A Idempotent

8 AeA=0 Complements

s A=A

10 A+B=B+A Commutative

11 AeB=BeA Commutative

12 A+ (B+C)=(A+BHC=A+B+C Associative

13 As(Be()=(AeB)e(C=AsBeC Associative

14 Ao (B+C)=(AeB)+(AeC) Distributive

15 A+HBeC)=(A+B)e(A+C) Distributive

16 A+{A*B)=A Absorption

17 As(A+B)=A Absorption

13 (AeB)+(AeC)+(BeC)=(AeB)+(AeC) Consensus

19 A+B+C+._=AeBe(C. .. De Meorgan

20 AeBeCe =A+B+C.. De Morgan

21 (A+B)eB=AeB Simplification

22 (AeB)+B=A+B Simplification
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SIMPLIFYING GIRCUITS

] )

4|>a D

Is really just a NAND gate! Thanks Boolean Algebra!
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ADDITIONAL EXAMPLES

As(A+B)=A

09/07/2012

LL
1-

No. Identity Comments

1 A+0=A Operations with 0
and 1

2 A+1=1 Operations with 0
and 1

3 A+A=A Idempotent

4 A+A=1 Complements

3 Ae(=0 Operations with 0
and 1

&6 Ael=A Operations with 0
and 1

7 Ae A=A Idempotent

8 AeA=( Complements

9 A=A

10 A+B=B+A Commutative

11 AeB=RBesA Commutative

12 A+ (B+CO)=(A+BH+C=A+B+C Associative

13 Ae(BeC)=(AeB)eC=AeBeC Associative

14 As(B+C)=(AeB)+(Ae(C) Distributive

15 A+(BeC)=(A+B)e(A+C) Distributive

16 A+(AeB)=A Absorption

17 As(A+B)=A Absorption

18 (AeB)+(AeC)+(BeC)=(AeB)+(AeC) Consensus

19 A+B+C+._=AeBeC De Morgan

20 AeBeCe =A+B+C... De Morgan

21 (A+B)eB=AB Simplification

22 (AeB)+B=A+B Simplification
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ADDITIONAL EXAMPLES

As(A+B)=A
=A*A+A-B
=Ae1+AB
=A+(1+B)
=A

09/07/2012

No. Identity Comments

1 A+0=A Operations with 0
and 1

2 A+1=1 Operations with 0
and 1

3 A+A=A Idempotent

4 A+A=1 Complements

3 Ae(=0 Operations with 0
and 1

&6 Ael=A Operations with 0
and 1

7 Ae A=A Idempotent

8 AeA=( Complements

9 A=A

10 A+B=B+A Commutative

11 AeB=RBesA Commutative

12 A+ (B+CO)=(A+BH+C=A+B+C Associative

13 Ae(BeC)=(AeB)eC=AeBeC Associative

14 As(B+C)=(AeB)+(Ae(C) Distributive

15 A+(BeC)=(A+B)e(A+C) Distributive

16 A+(AeB)=A Absorption

17 As(A+B)=A Absorption

18 (AeB)+(AeC)+(BeC)=(AeB)+(AeC) Consensus

19 A+B+C+._=AeBeC De Morgan

20 AeBeCe =A+B+C... De Morgan

21 (A+B)eB=AB Simplification

22 (AeB)+B=A+B Simplification
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ADDITIONAL EXAMPLES +

f =AeB+AeB+AeB

09/07/2012

L
1-

No. Identity Comments

1 A+0=A Operations with 0
and 1

2 A+1=1 Operations with 0
and 1

3 A+A=A Idempotent

4 A+A=1 Complements

3 Ae(=0 Operations with 0
and 1

&6 Ael=A Operations with 0
and 1

7 Ae A=A Idempotent

8 AeA=( Complements

9 A=A

10 A+B=B+A Commutative

11 AeB=RBesA Commutative

12 A+ (B+CO)=(A+BH+C=A+B+C Associative

13 Ae(BeC)=(AeB)eC=AeBeC Associative

14 As(B+C)=(AeB)+(Ae(C) Distributive

15 A+(BeC)=(A+B)e(A+C) Distributive

16 A+(AeB)=A Absorption

17 As(A+B)=A Absorption

18 (AeB)+(AeC)+(BeC)=(AeB)+(AeC) Consensus

19 A+B+C+._=AeBeC De Morgan

20 AeBeCe =A+B+C... De Morgan

21 (A+B)eB=AB Simplification

22 (AeB)+B=A+B Simplification
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ADDITIONAL EXAMPLES

No. Identity Comments
1 A+0=A Operations with 0
—_— — — and 1
f :A.B+AO B+A.B 2 A+l1=1 Operations with 0
and 1
- e — —_ 3 A+A=A Idempotent
—_ 4 A+A=1 Complements
p— [ J [ ([ J [
(A B) A B +A B 5 Ae(=0 Operations with 0
and 1
N - & Awel=A Operations with 0
— ° ° and 1
(A+B)+(A+B)+AB o
8 AeA=] Complements
A AL ARARA L ReRA A s aa
—A.A+A.B+ B.A+ B.B+A.B 10 A+B=B+A Commutative
11 AeB=BesA Commutative
_ A — A 12 A +(B+O)=(A+B)+C=A+B+C Associative
—O+A.B+ B.A+O+A.B 13 As(BeC)=(AeB)eC=AsBe(C Associative
- - - 14 Ae(B+C)=(AsB)+HAe() Distributive
:A. B.|.A. B+ B.A 15 A+(BeC)=(A+B)s(A+C) Distributive
16 A+(AeB)=A Absorption
— — 17 As(A+B)=A Absarption
=A*B+BeA 18 (AeB)+(A*C)+(BsC)=(AeB)+(AsC) Consensus
19 A+B+C+ =AeBe(C De Morgan
20 AesRBeCe =A+B+C_ De Morgan
21 (A+B)eB=A«B Simplification
22 (AeB)+B=A+B Simplification
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ADDITIONAL EXAMPLES

f =AeB+A<B+A*B

09/07/2012

LL
1-

No. Identity Comments

1 A+0=A Operations with 0
and 1

2 A+1=1 Operations with 0
and 1

3 A+A=A Idempotent

4 A+A=1 Complements

3 Ae(=0 Operations with 0
and 1

&6 Ael=A Operations with 0
and 1

7 Ae A=A Idempotent

8 AeA=( Complements

9 A=A

10 A+B=B+A Commutative

11 AeB=RBesA Commutative

12 A+ (B+CO)=(A+BH+C=A+B+C Associative

13 Ae(BeC)=(AeB)eC=AeBeC Associative

14 As(B+C)=(AeB)+(Ae(C) Distributive

15 A+(BeC)=(A+B)e(A+C) Distributive

16 A+(AeB)=A Absorption

17 As(A+B)=A Absorption

18 (AeB)+(AeC)+(BeC)=(AeB)+(AeC) Consensus

19 A+B+C+._=AeBeC De Morgan

20 AeBeCe =A+B+C... De Morgan

21 (A+B)eB=AB Simplification

22 (AeB)+B=A+B Simplification
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DDITIONAL EXAMPLES

f =AsB+A*B+AB
=AB+BeA

=A*B+BeA

= AeB ¢ B*A
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LL
1-

No. Identity Comments

1 A+0=A Operations with 0
and 1

2 A+1=1 Operations with 0
and 1

3 A+A=A Idempotent

4 A+A=1 Complements

3 Ae(=0 Operations with 0
and 1

&6 Ael=A Operations with 0
and 1

7 Ae A=A Idempotent

8 AeA=( Complements

9 A=A

10 A+B=B+A Commutative

11 AeB=RBesA Commutative

12 A+ (B+CO)=(A+BH+C=A+B+C Associative

13 Ae(BeC)=(AeB)eC=AeBeC Associative

14 As(B+C)=(AeB)+(Ae(C) Distributive

15 A+(BeC)=(A+B)e(A+C) Distributive

16 A+(AeB)=A Absorption

17 As(A+B)=A Absorption

18 (AeB)+(AeC)+(BeC)=(AeB)+(AeC) Consensus

19 A+B+C+._=AeBeC De Morgan

20 AeBeCe =A+B+C... De Morgan

21 (A+B)eB=AB Simplification

22 (AeB)+B=A+B Simplification
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SECTION SUMMARY

e Bebop to the Boolean Boogie: Chapter 9
e Contemporary Logic Design: Chapter 2
e ECED Notes: “Boolean Algebra” (Page 48)

Checking your simplifications:
http://joshtam.net/world/bee-calc.html
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DESIGNING LOGIC CIRCUITS

>

R R (RP | RP[O OO0 | O
= | = OO (kR (k= |[|O|| O HMvw
1 Ol | Ok, [O|(FL|O
R R | R R|O|lO|O
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MINTERMS & MAXTERMS

0 |0 [0 | m,=AeBeC M, = A+B+C
0 |0 |1 | m =AsBeC M, = A+B+C
0 |1 |0 | m,=ABC M, = A+B+C
0 |1 |1 | m=ABsC M, = A+B+C
1 |0 |0 | m,=AsBeC M, = A+B+C
1 [0 |1 | m =ABcC M, = A+B+C
1 |1 |0 | m, =ABC M, = A+B+C
1 (1 |1 | m =AsBC M, = A+B+C
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MINTERM/MAXTERM

Minterm = product (AND) of input variable
Maxterm = sum (OR) of inverted input variable
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oUM OF PRODUCTS

>

m, = AsBeC
m, = AsBeC
m, = AsBeC
m, = A*BeC
f=m,+m,+m, +m, +m,
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oUM OF PRODUCTS
f(A,B,C)=> m(34,56,7)

09/07/2012




SUM OF PRODUCTS

f = AeBeC+AeBeC+AeBeC+AeBeC+AeBeC

09/07/2012

No. Identity Comments

1 A+0=A Operations with 0
and 1

2 A+1=1 Operations with 0
and 1

3 A+A=A Idempotent

4 A+A=1 Complements

5 Ae(=0 Operations with 0
and 1

6 Asl=A Operations with 0
and 1

7 AsA=A Idempotent

8 AsA=D Complements

s A=A

10 A+B=B+A Commutative

11 AsB=Bes A Commutative

12 A+ (B+C)=(A+B)+C=A+B+C Associative

13 Ae(Be(C)=(AeB)eC=AeBeC Associative

14 Ae(BHC)=(AeB)+Ae(C) Distributive

15 A+(BeC)=(A+B)e(A+() Distributive

16 A+{A«B)=A Absorption

17 As(A+B)=A Absorption

18 (AeB)+(AeC)+(BeC)=(AeB)+(Ae(C) Consensus

19 A+B+C+_=AeBeC De Morgan

20 AeBeCe =A+B+C._ De Morgan

21 (A+B)*B=A+B Simplification

22 (AeB)+B=A+B Simplification
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SUM OF PRODUCTS
f = AeBeC+AeBeC+AsBeC+AeBeC+AeBeC
=AeBeC + A*Be (C+C) + AsB+(C+C)

X s
= A*BeC+ AB+ A°B -
- 2 A+1=1 Operations wi th0
nd1
—_— e 3 A+A=A Idempotent
4 A+A=] Complements
f— A. B.C + A.( B —I— B) 5 As(=0 OperI:tions with 0
and 1
—_— 6 Ael=A Operations with 0
and 1
p— A. B.C A o 7 AeA=A Idempaotent
+ Using No.22, where: s AeA=0 Complement
s A=A
B*C - A’ 10 A+B=B+A Commutative
— B.C + A ) 11 A+B=BsA Commutative
A - B 12 A +(B+C)=(A+B)+C=A+B+C Associative
13 Ae(BeC)=(AeB)eC=AeBeC Associative
14 As(B+C)=(AeB)+(AeC) Distributive
15 A+(BeC)=(A+B)e(A+C) Distributive
16 A+(AeB)=A Absorption
17 Ae(A+B)=A Absorption
18 (AeB)+(AeC)+(BeC)=(AeB)+(A+C) Consensus
19 A+B+C+_=AsBeC._ De Morgan
20 AeBeCe =A+B+C.. De Morgan
21 (A+B)eB=A*B Simplification
22 (A*B)+B=A+B Simplification
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PRODUCT OF SUMS

0 |0 |0 M, = A+B+C 0
0 |0 |1 M, = A+B+C 0
0 |1 |0 M, = A+B+C 0
PR . f=M,oeM, oM,
1 |0 |o 1
1 |0 |1 1
1 |1 |0 1
1 |1 |1 1
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PRODUCT OF SUMS
f(A,B,C)=IIM. (0,1 2)
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PRODUCT OF SUMS

f =(A+B+C)+( A+B+C)+( A+B+C|}
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No. Identity Comments
A+0=A Operations with 0

and 1

2 A+l=1 Operations with 0
and 1

3 A+A=A Idempotent

4 A+A=1 Complements

5 Ae(=0 Operations with 0
and 1

[ Aesl=A Operations with 0
and 1

7 As A=A Idempotent

8 AeA=0 Complements

s A=A

10 A+B=B+A Commutative

11 AeB=BesA Commutative

12 A+ (B+C)=(A+BHC=A+B+C Associative

13 As(BeC)=(AeB)sC=AsBes( Associative

14 Ae(B+C)=(A*B)+(AeC) Distributive

15 A+(BeC)=(A+B)*(A+C) Distributive

16 A+(AeB)=A Absorption

17 A«(A+B)=A Absorption

18 (Ae B)—[K-C)+(B oC):(A-B)—i—(Ko C) Consensus

19 A+B+C+ _=AeBeC De Morgan

20 AeBeCe =A+B+C.. De Morgan

21 (A+B)sB=A+B Simplification

22 (AeB)+B=A+B Simplification
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PRODUCT OF SUMS

(A+B)s( A+B+C
=A+(Be(B+C

=A+(B*B+B+C)
=A+BeC

09/07/2012

(A+B+C)e(A+B+C|+( A+B+C) |:

(A+B)+(CsC) |+(A+B+C :

No. Identity Comments
A+0=A Operations with 0
and 1
2 A+l=1 Operations with 0
and 1
A+A=A Idempotent
A+A=1 Complements
5 Ae(=0 Operations with 0
and 1
[ Aesl=A Operations with 0
and 1
7 As A=A Idempotent
8 AeA=0 Complements
s A=A
10 A+B=B+A Commutative
11 AeB=BesA Commutative
12 A+ (B+C)=(A+BHC=A+B+C Associative
13 As(BeC)=(AeB)sC=AsBes( Associative
14 Ae(B+C)=(A*B)+(AeC) Distributive
15 A+(BeC)=(A+B)*(A+C) Distributive
16 A+(AeB)=A Absorption
17 A«(A+B)=A Absorption
18 (Ae B)—[K-C)+(B oC):(A-B)—i—(Ko C) Consensus
19 A+B+C+ _=AeBeC De Morgan
20 AeBeCe =A+B+C.. De Morgan
21 (A+B)sB=A+B Simplification
22 (AeB)+B=A+B Simplification
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TWO-LEVEL GOMBINATIONAL LOGIC

Df

f = (A-B)+(E-D)
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SECTION SUMMARY

e Bebop to the Boolean Boogie: Chapter 9
e Contemporary Logic Design: Chapter 2

e ECED Notes: “Two Level Canonical Forms”
(Page 69)
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